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The special theory of relativity is constructed demanding the retention of the rectilinear form of 
a trajectory and invariance of the wave equation under linear transformations of space and time 
coordinates. The usual approach to relativity based on manipulations with the impulse of light is 
shown to be owing to that the symmetry of the particular solution of the wave equation coincides 
with the symmetry of the very wave equation. Thereof instead of the equation in partial derivatives 
we may deal with the algebraic form referred to as the interval. 

1. INTRODUCTION 

The central instrument of the special relativity theory is a pulse of light. The light is usually treated in this theory 
merely as a signal with no insight into its physical nature. The only property necessary to be specified is a peculiar 
feature of the speed of delivery of the signal. In the current discourse we construct the theory of relativity taking into 
account explicitly that the light is a wavei The content of the theory becomes the demand that the wave equation 
and dynamic equation of mechanics have one and the same symmetry^. 

2. INERTIAL FRAMES OF REFERENCE: CLASSICAL DEFINITION 

Axiom. There exists at least one frame of reference x,y,z,t where a free material point describes a rectilinear 
trajectory. For simplicity we will consider only a one-dimensional case 

x — x a + ut, (1) 

where u and xq are constants. We will find other reference frames x',t' where this trajectory is rectilinear as well. 
These are obviously all frames of reference which can be obtained by affine transformations of the original reference 
frame. The translation is 

x' = x + S, (2) 

t' = t + T, (3) 

where 5 and r are variable parameters. The extension is 

x' = x + \x, (4) 

t' = t + fit. (5) 
The linear transformation that intermixes the space and time coordinates is 

x' = x + at, (6) 

t' = t + f3x. (7) 
The particular type of (6), (7) is given by the Galileo transformation 

x = x — vt, (8) 

t' = t. (9) 

All frames of reference obtained by such transformations are called inertial frames of reference in the classical sense. 
Otherwise we may define inertial frames of reference as those which do not change the form of the equation 

d 2 x , s 

dF=° < 10 > 

that specifies the family of straight lines fTJ). The form (JTUJ) eliminates transformations ([7]) with (3^0 and restricts 
© i © by a dissimilar extension (see Appendix [5} ■ 
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3. INERTIAL FRAMES OF REFERENCE: RELATIVISTIC DEFINITION 

We introduce another restriction in the definition of incrtial frames of reference. Consider reference frames obtained 
by linear transformations that do not change the equation of the electromagnetic wave 

d 2 A _ 2 d 2 A 

dt 2 c dx 2 ' [ ' 

where c is the speed of light. The extension ([4]), ([5j) complies this requirement when it is a similarity transformation 
for variables x and ct. The transformation ([7]) does not in general leave invariant Eq. (fTTj) . It works only provided 
that j3 — a/c 2 

x' = x + act, (12) 

t = t + ax/c, (13) 
and a — > 0. We may verify this substituting (fT2"j) . (fT3"P into Eq. (fTTj) and neglecting a 2 terms: 

(14) 
(15) 

CUL I UX ~ CUL UX 

d dt' d dx' d d acd 

dt = ltiW + lklM = W + ~dx 7, ( ' 

d 2 d ( d acd\ acd f d acd\ d 2 2acd 2 

dl 2 = dt' [dP + ~dx 7 ) + ~dx 7 \dP + lw)~dt p2 + dt'dx 1 ' (1 ' 

4. LIE GROUPS 

We may try to construct a finite transformation by a successive application of infinitesimal steps fl!2p. p^|) : 

x" = x' + /3ct' = x + act + (3c(t + ax/c) m x + jet, (18) 

t" = t' + fix' jc = t + ax/c + f3(x + act)/c « t + jx/c, (19) 

where 

7 = a + /3. (20) 
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Relations (|12)l . p3|) and (|18p . (|19|) with (|20|) say that these infinitesimal transformations form a one-parameter Lie 
group. 

In general, transformations 

x' = $(x,t,a), t' = ^(x,t,a) (21) 
form a group with the parameter a if from (|2ip and 

x" = *(a/, i', t" = *(ar' 1 1', /3) (22) 

follows 

x" = ^(x,t, 7 ), t" = *(as,t,7) (23) 

with the group operation 

7 = ^(a,/3). (24) 
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For example, similarity transformations 

x' = x + ax, t' = t + at (25) 

form a Lie group with the group operation 

1 = a + + a0. (26) 



The group parameter is said to be canonical if it is additive as in (|20|) . 

The coordinates transformation group is the way that the transition between certain references frames can be 
parameterized. 

We can always accommodate the group parameter a so that the identity transformation will correspond to a = 0. 
Then, transformation ([2Tj) can be expanded into the Taylor series with the linear part 

x 1 = x + a((x,t) + t' = t + arj{x,t) + (27) 

where functions t) and rj(x, t) are referred to as the kernel of the group. It can be shown (the second Lie theorem) 
that the kernel £, r\ of the group having been given we may restore the whole transformation "J solving the following 
set of ordinary differential equations; when the group parameter a is canonical these equations are 

d f=C{ x ',t'), d f=r 1 {x',t') (28) 
da da 

(see Appendix |B|) . 

5. THE LORENTZ GROUP 

Applying Eqs. (|2"T|) , (12"8)) to (fT2"| . (fT5| with the account of (|2"0|) we can write down the following equations 

dx' dt' , , , . 

da- = Ct > Ta- X/C - (29) 



c = x cosh a + ct sinha, ct' = xsinh a + ct cosh a. (30) 



Eqs. (|29f have the solution 



Substituting §U§ in 

x" = z'cosh/^ + ci'sinh/?, ct" = x' sinh/3 + ct' cosh 0, (31) 

we may verify that the transformation (|30p is a group and the group parameter is canonical: 

x — (x cosh a + ct sinh a) cosh j3 + (x sinh a + cosh a) sinh f3 (32) 
= a;(coshacosh/3 + sinh a sinh /3) + c£(sinhacosh/3 + cosh a sinh 0) 
= xcosh(a + (3) + ctsinh(a + 0), 

ct" — (x cosh a + ct sinh a) sinh + (x sinh a + ct cosh a) cosh (33) 
= x(coshasinh /J + sinha cosh 0) + c£(sinha sinh /3 + cosh a cosh /3) 
= xsinh(a + 0) + ct cosh(a + 0). 

Transforming partial derivatives as in () 14[) - (1 1 7[) we may be convinced another time that (|30p represents a symmetry 
transformation of the equation (fTTj) (see Appendix [C| . 

Belonging of coordinates transformation to a symmetry group indicates that all reference frames defined by the 
transformation enjoy equal rights in relation to the property admitting this symmetry group. In other words in the 
bounds of the Lorentz group, i.e. among inertial frames of reference, there is no a preferable reference frame. 
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6. AN EXTENSION TO DERIVATIVES 



We may attach a physical sense to the parameter of the Lorentz group ([30]) . To this end we will construct the 
corresponding infinitesimal group transformation for the velocity 



. , dx' 

x = ~dV 

Substituting (p~2|) and ([13]) in ([34)) and neglecting terms with a 2 we obtain 

. , dx' dx + acdt x + ac 2 

x = —— = — — -r- = - — - w x + (c — x c)a. 

dV dt + adx/c 1 + ax/c y ' ' 

From (|35[) we may construct the differential equation for the respective group transformation 

dx . , 

-— = c - x u /c. 
da 



The solution to ((36)) is given by 



In 



1 + x'/c 


-In 


1 - x'/c 


1 + x/c 




1 — xj c 



= 2a. 



(34) 



(35) 



(36) 



(37) 



Let the frame of reference x', t' moves with the velocity v relative to the fixed frame of reference x, t. Then we have 
for the origin of the reference frame x' , t': x' — and x = v. Substituting this to ([57)) we find 



In 



1 — v/c 



1 + v/c 



Substituting ([38| in ([30| gives the Lorentz transformation of space and time coordinates 



x — vt 



f' 



t — xv /c 2 



y/l -V 2 /C 2 ^Jl-V 2 /C 2 

Substituting ([38| in ([37| gives the respective group transformation of the velocity x 

x — v 
1 — xv j c 2 



(38) 



(39) 



(40) 



7. RELATIVISTIC MECHANICS 

Now wc must correct Eq. (|10p in order it will be invariant under the Lorentz transformation (|39[) . To this end we 
will find the infinitesimal group transformation for the acceleration 



.., dx! 

x = dF' 

Substituting ([35)) and (fT3)) in ()4T)) and neglecting terms with a 2 we obtain 

.., dx' dx — a2xdx/c 'x — a2xx/c .. . . 

X = —— = : ; ; = —. K X — ixXajC. 

at dt + adx/c 1 + ax/c 

From (|42|) we can find the differential equation for the respective group transformation 

dx' 



da 



-3x'x' jc. 



(41) 



(42) 



(43) 



In general, we are searching the form G{x' , t' , x' , x') that does not change under the extended Lorentz transformation, 



dG 
da 



= 0. 



(44) 
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Using (HU), (06) and (O we find 

dG _ dGdt' dGdx' dG dx' dG dx' 
da dt' da dx' da dx 1 da dx' da 

x^_dG ,dG_ x' 2 dG Zx'x' dG 

~ c dt' +ct dx' + [c ~ c'dx'~ c dx r { ' 

Insofar as the form sought for does not depend on x and t we must find the solution Gs^x'^x') to the following 
equation in partial derivatives 

£' 2 dG 3 3x'x'dG 3 _ Q 
c dx' c dx' 

The differential invariant G3 can be found as the integral of the respective ordinary differential equation constructed 
from (O 

dx' cdx' , , „. 

^Tc = ~3x^- (4?) 

This integral is 



(l-±' 2 /c 2 ) 3 / 

The form ([48]) should replace the left-hand part of Eq. (JTOj) 



G 3 = x .„ (48) 



0. (49) 



(l-i 2 /c 2 ) 3 / 2 



Equation (|49|) defines a rectilinear trajectory ([T]). Eqs. (|49|) and (fTTj) are invariant under the Lorentz transformation 
([50|l or (|M|) extended according to Eqs. (|56"|) and (|4^|) . Because of the difference in symmetries of equations (|4T)) and 
pip , extensions are excluded from the consideration. Thus, the class of inertial reference frames is defined by the 
Lorentz group, and the space and time translations. 

Using (|48|) we may construct the relativistic form of the second law of classical mechanics 



d 
dt 



(i-x 2 /c 2 y/ 2 



8. INTERVAL 



F. (50) 



Special relativity is usually constructed 3 - starting from the notion of the interval 

x 2 - c 2 t 2 . (51) 



Interval (|5Tj) is invariant under the Lorentz transformation (|39|) . In this section we will establish a relation between 
the standard approach and the approach developed in the current report. 

First of all we will notice that the form (l5T|) can be obtained as a differential invariant Gi from the first two terms 

of gSD 

xdG dG n 

- c m +ct dx- = °- (52) 

Therefore when studying the symmetry of vacuum we may deal with the algebraic expression (|51|) instead of the 
equation (jTTJ) in partial derivatives. 

Secondly I shall explain why in the phenomenological theory of relativity it is sufficient to use properties of the 
light signal. The general solution of the d'Alembert equation (fTTj) is 

- ct) + <t> 2 (x + ct) (53) 

where $1 and $2 are arbitrary functions. A differential equation having a symmetry does not imply that a solution 
of this equation also possesses the same symmetry. However we may find a particular solution of the wave equation 
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whose symmetry coincides with the symmetry of the very wave equation. Considering a point disturbance emitted 
from the origin of coordinates we have for (|53p 



6(x-ct) + 6(x + ct). (54) 

The following relation follows from general properties of the ^-function 

S(x - ct) + 5(x + ct) = 2a8(x 2 - c 2 t 2 ) (55) 

where a > is a constant. Formula (I55j) can be verified, say, integrating it over x and taking a = ct (see Appendix 
ID)) . The form in the right-hand part of (|55p is invariant under the Lorentz transformation (|39p since any function of 
the invariant is the invariant of the group. Physically the form f)54[) corresponds to a light impulse. Thus, the special 
theory of relativity can be constructed dealing only with a light signal. 

APPENDIX A: INVARIANCE OF CLASSICAL MECHANICS 

We have for the affine transformation 

x' = Ax + at + 6, (Al) 
t' = px + Qt + r. (A2) 



Taking the differential of l|A"lj) and JA2|: 



dx' = Adx + adt, (A3) 
dt' = Pdx + Qdt. (A4) 



Dividing (|A3|) by (AM : 



dx' _ Adx + adt _ A^ff + a 
Hf ~ (3dx + Qdt ~ (3^- + Q' 



Rewriting (|A5|) into the linear form: 



Differentiating (|A6 



Dividing (|A7|) by ([Alf we get 



d 2 x' d 2 x A-P^ 



(A5) 



dx' , „dx , dx , . „. 

w^Tt +n) = A Tt +a - 



/„dx „ x .da;' „dx' ,efe . Ax 

^ + ^ d W + W d dt =M dt- (A7) 



(A8) 



dt' 2 dt 2 (n + /3ff ) 2 ' 

The retention of the form (| 10(1 requires 

/3 = 0, A = ft 2 . (A9) 

Substituting (|A9[) into (|A1|) . (IA2|) we obtain the affine symmetry transformation of the form (|TU|) : 

x' = Q 2 x + at + S, (A10) 
t' = fit + r. (All) 



APPENDIX B: THE SECOND LIE THEOREM 

We consider the transformation of the variable x to x' 

x' = T(x,a) (Bl) 

which depends on the parameter a so that 

x=T(x,0). (B2) 

Further, let x' be transformed to x": 

x" = T(x',(3). (B3) 
Substituting (jBlj) into the right-hand part of (|B3|) we obtain the composition of the two transformations: 

x" =T(T(x,a),P). (B4) 
We are interested in the case when (|B4[) belongs to the same set of transformations as (|B 1 1) and (|B3[) : 

x" = T(x,-y) (B5) 

where 

7 = ^(«,/3). (B6) 



If (jBip and (|B3|) imply (|B5p , (|B6|) then we say that (|B1|) . (|B3|) and ()B5|) form a Lie group with the group operation 

dEe]>. 

The function (|B 1 1) can be expanded into the Taylor series. We have with the account of (|B2|) 

T(x, a) = x + — [9 a T(x, a)] a=0 + -^[d 2 a T(x, a)] a=Q + -^[d 3 a T(x, a)] a=0 + .... (B7) 

So, in order to define a function T(a) we must know all its derivatives for a = 0. 

Theorem. The group T(x,a) is fully defined by its first derivative d 7 T(x,j) at 7 = 0. 
Proof. We will make successively the following transitions 

aT 1 a 

x — > x — > x . (B8) 
where a -1 is the parameter of the inverse transformation (a -1 ^ \/a). The first transition in ()B8|) is realized by 

z = r(x',a _1 ). (B9) 
Substituting flB9]) in (JBTJ) we obtain similarly to jB4|, jB5} 



x' = T(T(x',a^ 1 ),a) = T(x',-y) (BIO) 



where by ()B6|) and with the account of (|B2I) 

7 = ^(a" 1 ,^) = 0. (Bll) 
Differentiating (|B10|) with respect to a we obtain with the account of (|B11[) 



— = [9 7 T(a;',7)] 7=0 9 Q ^(a- 1 ,a). (B12) 



The autonomous ordinary differential equation (|B12|) defines unambiguously the group of the transformations (|B1 
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APPENDIX C: SYMMETRY TRANSFORMATION OF THE WAVE EQUATION 

We transform partial derivatives d 2 /dx 2 and d 2 /dt 2 to d 2 jdx' 2 and d 2 /dt' 2 , respectively, by (|30|) 



x = x cosh a + ct sinh a, (CI) 
ct' = x sinh a + ct cosh a. (C2) 



Transforming first derivatives with (|C1|) and (|C2 



d dx' d dt' d _ cosha d 1 sinha _^_ (C3) 
dx dx dx' dx dt' dx' c dt' ' 
d dx' d dt' d . , d d 

Ft = ^^ + ^^ = csmha ^ + cosha ^- (C4) 



Calculating second derivatives with (jC3[) and (IC4j) : 

^ = ( COSha ^ + c Smha ^ )(C ° Sha ^ + c Smha ^ ) 

v,a 52 ^ 2 • v, 1, 92 1 • 1,2 92 ™ 
= co * h + e SmhaCOSha feW + ? Smh a 0t*' (C5) 

|_ = (csinha ^ 7+cosna | 7)(csinha ^ 7+cosha | 7) 

9 2 d 2 d 2 

= c 2 sinh 2 a— — - + 2c sinh a cosh a — — h cosh 2 a— — . (C6) 

dx' z dx'dt' dt' z 

Substituting (|C5j) and (IC6|) into (TTT|) and using the identity cosh 2 a — sinh 2 ct = 1 we obtain the same form of the 
wave equation: 

<9 2 A <9 2 A 

W^^^dx^- (C7) 

APPENDIX D: THE WAVE FRONT 

Integrating the left-hand part of (|55|) : 

00 00 

/'(*-*>*+/'<* + ->*-»■ 0») 

— OO —OO 

Integrating the right-hand part of ([55]) : 

oo oo oo 

2a y (5(ir 2 - c 2 £ 2 )da; = 4a J S(x 2 - c 2 i 2 )dx = 2a J ~<5(a; 2 - c 2 t 2 )dx 2 = ^. (D2) 



o o 



Taking in (jD2]) a = ct we obtain (fPT 



* Electronic address: aether@yandex.ru 
N.A. Umov, "A unifrom derivation of transforms consistent with the principle of relativity," Phys. Zeits (1910). 

2 V. F. Zhuravlev, Fundamentals of Theoretical Mechanics, Fizmatlit, Moscow, 2001. 

3 L.D. Landau and E.M.Lifshitz, Mechanics, Nauka, Moscow. 



